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A chrtracterization is given for those pose& (X, G) such that X admits exactly one topology 
inducing the given partial order G. As a corollary, a poset is finite if and only if it is 
finite-dimensional and admits a unique compatible topology. Related applications and examples 
are also developed. 
Let (X, s) be a poset, i.e. a set X equipped with a relation c which is 
reflexive, asymmetric and transitive. As noted in [5, p. 531, any TO-topology T on 
X induces a partial order < T on X via the prescription: x < Ty if and only if y is 
in the T-closure of (x). Following [7, p. 8213, we say that such a topology T is 
(order-) comgatibk (with s) in case <T = <. Any poset X admits compatible 
topologies, and on{: may in fact identify the coarsest and the finest such. These 
extreme topologies on X are the closure-of-points topology (resulting in the 
structure XC09 arid the left topology (resulting in XL), respectively. (Their 
definitions will be recalled in Section 2.) In this note, we characterize the posets 
admitting but one compatible topology, i.e. the (X, G) such that Fop = XL. 
It will be convement to introduce the following notation. If (X, s) is a posct 
and x E X, then N(x) = A$&) denotes the set (y E X: y$ x> of nonpredecessors <If 
x. We may now state the desired characterization, which will be proved in the 
next set tion. 
. A poset (X, G) admits a uniq~ue computible topology if and only if 
each x E X satisfies both of the following conditions: 
(i) If N(x) # 8, tken N(x) has at most finitdy many minimal elements. 
(ii) If y E N(x), then z G y for some minima! element z of N(x). 
The paper is organize terns (2.1)-(2.3) he 
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We I,egin by recalling from [‘7, ,I. $211 t e definition of t e closure-of-points 
topological structure Xcop arising from a given poset (X, s). For each x E X, let 
S(x)! denote the set {y E X: x s y} of specializations of x in X. The closure-of- 
points topollogy on X is, by detfinition, t5e coarsest topology in which S(x) is 
closed for each x E X. It will be useful to hi\ve the following standard rephrasing 
of this definition. 
IL .I. Let (X, S) be a poset. One basis for the open sets of Xc’Op consists of 
aii set of the form S(x,)‘n S(q!) rl . - l n S(G)‘, where {x,, . . . , IL} is a finite 
>subset of X (and ’ denotes velatiue complement in X). 
Let T be the collection of all sets of the form S(x,)‘n l . l n S(x,,)‘. By the 
each element of 7’ is COP-open. Thus, it is enough to check 
that T is a basis for some topology on X. As T is stable under finite intersections, 
it sufices to check that X E T. Finally, X E T follows from the definition of T, 
since S(q) n m l l n S(q) = X when n = 0. 
The other extreme compatible topology admitted by a poset (X, s) is defined 
as follows. For each x E X, let G(x) denote the set {y E: X: y sx} of generizations 
of :c in X. (Note that G(x) L= N(x)‘.) The left topology on X (cf. [l, Ex. 2, p. 89J) 
has an open basis consisting of all sets of the form G(x). The resulting structure 
XL is a discrete Alexandroff space, i.e. a To-space in which intersections of 
arbitrarily many open subsets are open. Several ring-theoretic constructions of XL 
were given in [3, Theorem 2.161 in case X is a spectral set; i.e. realizable as the 
set Soec(R) of prime ideals of a commutative ring R, partially ordered by 
inclusion. Evidently, ;PLI arbitrary poset X satisfies Jp*p = XL if and only if G(x) 
is CCWopen for each x E X. is observation leads us to our principal technical 
results. 
Let (X, G) be a poset, and let x, x1,. . . , x,, be itely many elements 
G(x) = S(x,)’ (7 ’ l l n S(G) if and only if th of the following 
conditions hold: 
(a) xi E N(x), for each i, 31 s i S n. 
(b) For each y E M(x), there exists an index i, 1~ s 2~ n, swh that xi s y. 
Ws can dispose of the case n = 0, for the ass,crtion is then the truism that 
if and only if M x) == $I For ease of notation, set S = S(x,)’ n . 0 . n 
ty and reflexivity of s that G(x) c S if and cjnly 
y if condition (a) holds. 
t theory shows that S c G(x) 
d only if condit 
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a poset and let x f x. en G(x) is open in Xcop if 
ns (i) and (ii) in the in Theorem. 
As before, the case G(x) = (i.e., N(x) = $!!) can be disposed of, As 
mma 2.2, the order-theoretic properties of s show that each 
basic-open set S = S(zdJ n ’ (as given by Lemma 2.1) is stable under 
generization: if x E S, then erefere, if C(x) is a union of such COIP- 
basic-open sets, it follows that G(x) ~in~~d~s with OPZ such S, namely any one 
containing x. In other words, G(x) is COP-open if an ]y g G(x) = ,‘i for sor,le 
S of the above form with tt > 0. A direct application o ma 2.2 now compic:tggs 
the proof. 
By universal quanti~catjon on x, Corollary 2.3 (and the observation preceding 
Lemma 2.2) lead to a proof of the Main Theorem. 
We next give examples of spectral sets which show that ~ondjtions (i) and (ii) in 
the Main Theorem are independent. 
+ (ii) * (i). Let (X, 6) be an infinlte O-dimensional poset. dSuch X is 
necessarily spectral: cf. [7, Theortim 4.21.) C?ePrly, each x E X satisfies (ii), but no 
x E X satisfies (i). 
(i) # (ii). Let (X, S) be the set (1, 2, 4, 4, 2, . . .), with the usual ordering of 
rational numbers. (X is spectral: cf. [6, Corollary 3.61.) observe that N(2) = 8; 
N((n + 1)/n) is finite and nonempty for each positive integer n > 1; and N( 1) = (2, 
$, 2, . . .). Consequently, (i) is satisfied by each element of X, and (ii) holds for each 
element except x = 1. 
The next result was suggested by the first example in Remark 2.4. 
. If a poset (X, S) admits a IlmiqvAe compatible topology, then X has 
at most uniters many rn~~irna~ elements. 
If not, let x1, x2, x3, . . . be denumerably many distinct minimal elements of 
n N(x,) contains the infinite set (x,, x3, . _ .), contradicting ~ond~tjon (i) of 
Recall that if a spectral set X is rea~~~b~~ as 
‘spectral topology’ on 
next result includes the remark of Le 
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CO . Let (X7 SE) be a poset. TCten X is finite if and only if dim(X) <a~ 
and X admits a uni ue compatible topology. Tdoreover, if X is finite, then its 
compatible topology is a spectral 8opology. 
For the ‘if’ half, let dim(X) = tz <:m. If the assertion fails, there exists a 
least kdex d, 0 s d s n, SW% that {x E X: ht(x) z= d} is infinite. Note, by Corollary 
2.5, that d + 0. Let xl, 2~2, ~3, . . . e denumerably many distinct elements of height d. 
Observe, as in the proof of Corollary 2.5, that Y1 = {x,, xs, x4, . . .) is a subset of 
N(q), since x1 and xi are not comparable whenever 2~i. By condition (i) of the 
Main Theorem, we may assume that no element of Y1 is ir minimal element of 
N(q). By passing to a suitable denumerable subset of Y1 and appealing to both 
conditions in the Main TII heorem, we may also find a minimal element w1 of N(q) 
such that w1 S xi for each i 2 2. Necessarily, ht( w,) G d - 1. A simik~r argument for 
Y2 = (xg, x4,. . .) tinclud ing passage, as needed, to denumerable subsets of U,) 
produces a minimal element w;! of N(x2) such that was xi for each i 2 3. 
Necessarily, ht(wa) s $ - 1 and w1 # wz. By iterating the argument, one generates 
a denumerable set W = (w,, w2, . . .) of distinct elements, each having height less 
than d. AS W is the unil3n of the d sets Wi = {x E W: iht(x) = i} for i going from 0 
to d - 1, it follows that some Wi is infinite, thus contradicting the minimality of d, 
to prove the ‘if’ half. 
The ‘only if’ half is immediatt: because any finite poset is finite-dimensional and 
satisfies conditions (i! and (ii) of the Main Theorem. For the final assertion, we 
need only recall that ar y finite poset is a spectral set (cf. [S, Proposition lo], [B, 
Theorem 2.101) and, hence, has a compatible spectral topology. 
3t will be convenient to adopt the following terminology. If x a.nd y are distinct 
elemenrs of a poset (X, S ), we say that y is an immediate successor of x (in X) in 
case x ~5 y and no element z of X other than x and y can satisfy x G z s y. 
3. Let (X, S) be a liazearly ordered set. Then X admits a unique 
compatible topology if a’~d only if each nonmaximal element of X leas an (necessar- 
ily unique) immediate successor in X. 
We apply the Main Theorem. Condition (i) holds in any event since X is 
tota!!; ordered. In the I)resent case, N(x) = (y E X: x *< y and x # y) for each x E X, 
so that the minimal elements of N(x) are just the immediate successors of x. Thus, 
translating (ii) cornpIetIes the proof. 
e close with additional remarks and examples concerning compatible, possi- 
pectsal, topologies. 
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finit- , x may be taken as a suitable subset of P, the set of positive integers with 
the usual ordering. r ?+4 infinite, let (1, <<) be any linearly (e.g., well-) ordered 
set of cardinality K t Xi be a copy of the poset IFS for each ie I, and set (X, 
s) = U Xi. To explicate s more carefully: whenever distinct i c j in I, we insist 
that Xi (7 Xi =fd and x G y for each x E Xi alld y E Xi. In effect, X is t3btainec.l by 
attaching a copy of lFD at each point of I. It is clear that X has the asserted 
properties. 
(b) TO augment the scope of the preceding aesults, we next give anI example of a 
poset which is neither finite nor linearly ordered but which admits a unique 
compatible topology. Let ra > 1 be a positive integer; let X,, X2, . . . , Xn be 
mutually disjoint copies of the poset P described in (a); and let X &,+ the ordered 
disjoint union of the Xi’s, in the sense of [7, p. 8251. Evidently, X satisfies the 
conditions of the Main Theorem, and so is an example of the desired sort. 
(c) Let Y be a subset of a poset (X, s ), with the induced partiai order. If X 
admits a unique compatible topology, must tl’le same be true for Y’) It is clear 
from the conditions in the Main Theorem that the answer is affirmative in case 
N,(y) and N,(y) have the same minimal elements, for each y E Y. However, the 
following example shows that the answer is negative in general, even for linearly 
ordered sets. Consider two disjoint denumerable sets Y = (yoi ylr y2, . c .) x-4 
w =(w1, W2, . . .). If one endows X = Y U W with the ordering 
yoSwrSw2S -a* SW,< l ‘* Symdym_pz *** Gy2=zy1, 
it is straightforward to check that X satisfies the conditions of the Main Theorem 
(alternatively, of Corollary 2.7) but that Y does not. 
(d) It will be convenient to let A denote the poset of negative integers, with the 
usual ordering. By Corollary 2.7, A admits a unique compatible topology. (It is 
also easy to check directly that AL = Acop. ) Note, however, that the ordered 
disjoint union of two copies of A does not admit a unique compatible topology, as 
it violates condition (ii) of the Main Theorem. By way of a positive resuh, 
motivated by the example in (b), we may assert the following. If a poset X is the 
ordered disjoint union of finitely many subposets Xi each of which admits a 
unique compatible topology, and if for each i and each x E Xi, there exists a 
minimal element y of Xi such that y - =x, then X also admits 3 unique compatible 
topology. The proof is an easy application of Corollary 2.5 and the Mail1 
Theorerh;. 
(e) Recent studies proving that certain programs 
of a wel,l-founded set [23, i.e. a poset satisfying tile descending chain 
(Note, however, 
from ours.) It is 
owever, a well-f0 
ology: consider, for instance, t 
kj The above information naturally suggests the following question. If a poset 
X admits a unique compltlble spectral topology I’, must T be the closure-of- 
points topology. 13 It would also be desirable to characterize those J’ for which 
VcOp is a spectral topology. The corresponding question for XL was answered in 
Theorem 2.41. 
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(f) Combining Corollary 2.7 with the second example in Remark 2.4. leads to a 
poset X admitting a unique compatible topology, such that the poset obtained by 
reversing the ordering of X admits more than one compatible topology. 
For motivation, it is convenient to recall the following facts. Let (X, s_) be a 
poset. Then X admits at most one compatible spectral Noetherian topology [5, 
Proposition 143; and any such topology must coincide with Xcop (cf. [4, Proposi- 
tion 4. ln. If X is linearly ordered, then X is a spectral set if and only if X satisfies 
the conditions (Kl) and (K2), by [6, Theorem 3.11; given that (Kl) and (K2) hold, 
there is bur one compatible spectral topology on X [S, Proposition 131, and that is 
X c0p [7, p. 833). 
. (a) A linearly ordered set with a unique compatible topology need 
not admit a compatible spectral topology. For instance, the poset A in Remark 
2.8(d) is not a spectra1 set, since it violates (Kl). 
(b)LetX=(l,2,$,$,$,.. .), the second poset considered in Remark 2.4, where 
it was shown that X does not admit a unique compatible topology. Mowever, X is 
linearly ordered and satisfies both (Kl) and (K2). Consequently, by the preceding 
remarks, X does admit a unique compatible spectral topology, pop. Moreover, 
X admits exactly two compatible topologies, necessarily XL and Fop, since a 
straightforward enumeration reveals that (1) is the only left-open subset of X 
which is not COP-open. 
